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A m e t h o d  of g r a p h i c  a n a l y s i s  i s  c o n s i d e r e d  fo r  the  c a l c u l a t i o n  of the  l o c a l  t h i c k n e s s  of a 
l i qu id  f i lm in the  e n t r a n c e  s e c t i o n  of the  t r a n s f o r m a t i o n  of  s l o t  flow into f i lm  flow o v e r  
a v e r t i c a l  p l a t e .  The  p r o p o s e d  m e t h o d  can  a l so  be  u s e d  in c a l c u l a t i n g  the  l o c a l  t h i c k n e s s e s  
of a th in  l a y e r  du r ing  l iqu id  f low o v e r  c u r v e d  s u r f a c e s .  

The  wide  a p p l i c a t i o n  of f i lm  flow in m o d e r n  t echno logy  [1-4] p o s e s  a n u m b e r  of p r o b l e m s  invo lv ing  
the  p r o p e r t i e s  of the  h y d r o d y n a m i c s  of flow in a f i l m .  In the  w a s h i n g  of v e r t i c a l  and  i n c l i n e d  w a l l s  by a 
th in  l a y e r  of l i q u i d  a s m o o t h  e n t r a n c e  s e c t i o n  of t r a n s f o r m a t i o n  of s l o t  flow into f i lm  flow wi th  a l eng th  x0 
(F ig .  1) and  a s e c t i o n  of s t e a d y  wave  flow of the  f i l m a r e  c l e a r l y  d i s t i ngu i shed~  In F i g .  1, l i s t h e  w a s h e d  
s u r f a c e ,  2 is  the  s lo t ,  and  3 is  the s u r f a c e  of the  f i lmo One i m p o r t a n t  p r o b l e m  is  the  d e t e r m i n a t i o n  of the  
l o c a l  t h i c k n e s s  of the  w a s h i n g  f i lm  in the  e n t r a n c e  s e c t i o n .  

T h e  so lu t i on  of th i s  p r o b l e m  is  n e c e s s a r y  f o r  the  e s t a b l i s h m e n t  of the r e g i o n  of e x i s t e n c e  of f i lm  flow 
(an a n a y l t i c a l  c a l c u l a t i o n  of the  m i n i m u m  w a s h i n g  d e n s i t y  f o r  the  g iven  cond i t ions  [1]) and  f o r  the c a l c u l a -  
t ion  of the  l o c a l  coe f f i c i en t s  of hea t  and  m a s s  t r a n s f e r  [1, 2, 4] in the  e n t r a n c e  s ec t i on .  The  e x p e r i m e n t a l  
and  t h e o r e t i c a l  s o l u t i o n  of th i s  p r o b l e m  is  d i f f i cu l t  s i nce  t he  t h i c k n e s s  5 of the  w a sh ing  l iqu id  l a y e r  depends  
on the  flow r a t e  of the  l iqu id ,  the  f o r m  and  c u r v a t u r e  of the  w a s h e d  s u r f a c e ,  and  a n u m b e r  of o t h e r  f a c t o r s .  
It has  not  been  p o s s i b l e  to ob ta in  a g e n e r a l  s o l u t i o n  a l l owing  fo r  a l l  of t h e s e  f a c t o r s  [1, 4], a l though such  a 
s o l u t i o n  can be  o b t a i n e d  f o r  i nd iv idua l  c a s e s  (the wash ing  of a v e r t i c a l  p l a t e ,  v e r t i c a l  t ubes ,  e t c . ) .  

As  i s  known [5], the  g e o m e t r i c a l  c h a r a c t e r i s t i c s  of the  flow f i g u r e  in the  equa t ions  of con t inu i ty  of 
t he  m e d i u m ,  which  can be w r i t t e n  in the  g e n e r a l  f o r m  

I w ~ F  = ~ F  = const (1) 
F 

w h e r e  w x is  the  l o c a l  v e l o c i t y  in the  d i r e c t i o n  of f low,  F i s  the  a r e a  of a c r o s s  s e c t i o n  of the  s t r e a m ,  and 
w is  the  m e a n  flow v e l o c i t y .  

To c o n v e r t  Eq.  (1) to a m o r e  conven ien t  f o rm  l e t  us u se  the  d i m e n s i o n l e s s  v a l u e s  

u = ~ / w s ,  y = (Ws/vS)~ x =  x , / S  (2) 

w h e r e  i t  is  a s s u m e d  tha t  w S i s  the m e a n  v e l o c i t y  of the l i qu id  at  the  exi t  f r o m  the  s lo t  of the  d i s t r i b u t i n g  
d e v i c e ,  S i s  the  width  of the  s lo t ,  and xi ,  Yi a r e  the  c o o r d i n a t e s  of the  p l ane  in which  the flow t a k e s  p l a c e  
(F ig .  1)o 

In the  f u r t h e r  t r a n s f o r m a t i o n  of (1) we wi l l  a s s u m e  tha t  the  f i lm  flow in the  e n t r a n c e  s e c t i o n  i s  l a m i n a r  
and  w a v e s  a r e  a b s e n t  a t  the  f r e e  s u r f a c e  of t h e f i l m .  

I n s e r t i n g  the  v a l u e s  of (2) into Eq.  (1) we f ind  tha t  f o r  a f l a t  w a s h e d  s u r f a c e  the  equat ion  of con t inu i ty  
of the  m e d i u m  t a k e s  the  f o r m  

6" 

l udg = IS* = 0.5 Re ~ (3) 
0 
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--~ I ~ / Z  w h e r e  S* = S(ws/vS)  ~ is the d i m e n s i o n l e s s  width of  the d i s t r ibu tn ig  s lot ;  Re = 
~ /  4wS/v  is the Reynolds n u m b e r  f o r  f i lm f low. 

z A s /  The  so lu t ion  of  Eq.  (3) r e l a t ive  to 5 is compl i ca t ed  by the  fac t  tha t  one cannot  
, a lways  de t e rmine  the in tegra l  on the left  s ide .  The  de t e rmina t ion  of ! udy  

o 

I xo is cormected with f inding the law of ve loc i ty  d is t r ibu t ion  o v e r  the c r o s s  sec t ion  of 
the  f i lm in the e n t r a n c e  sec t ion  of its flow. F o r  the s t ab i l i zed  flow, when u = u(y) 

I . ~  this  p rob lem is s i m p l e r  than fo r  the c a s e  of the e n t r a n c e  sec t ion ,  w h e r e  u = u(x, y) .  
/ \ 1  T he  d e t e r m i n a t i o n  of 5 fo r  the e n t r a n c e  sec t ion  is of g r e a t  i n t e r e s t  s ince  the con-  / 

~ di t ions af fec t ing  the na tu re  of  the f i lm flow downs t r eam a r i s e  in the e n t r a n c e  sec t ion .  
/ 
/ J An equat ion of  mo t ion  having the fol lowing f r o m  [1] is va l id  in genera l  f o r  / 
/ flow in the en t r ance  sec t ion :  

,T 

dw~ / d~ = v (O~w~ / Ox ~ + O~w~ / Oy ~) -k Iv (4) 
Fig .  1 

w h e r e  ~ is the t ime  and fv is a v o l u m e t r i c  f o r c e  p e r  unit  of dens i ty  and d i r ec t ed  
a long  the  x axis  ( acce le ra t ion  of f r e e  fal l) .  

The  solut ion of Eq.  (4) in gene ra l  f o r m  by ana ly t ica l  m e a n s  p r e s e n t s  g r e a t  d i f f icul t ies .  As shown in 
[6], as  a f i r s t  app rox ima t ion  with a d e g r e e  of conve rgence  of the r e su l t s  which is s a t i s f a c t o r y  in p r a c t i c e  
the flow in the ini t ial  s ec t ion  of the f i lm can be d e s c r i b e d  by an equat ion which with a l lowance  fo r  (2) has  
the fol lowing d imens ion l e s s  f o r m :  

"O"-u Ou It, S 
0y~ u - ~  = - -  L * ,  /9* . . . . .  (5) 

This  non l inea r  d i f fe ren t ia l  equat ion can  be  so lved  in the fol lowing way.  

We a s s u m e  thta  the funct ion u(x, y) has  the f o r m  

u = ~0 (Y) @ (x + e) -z ch (Y) + (x + e) -~ ~2 (@ +(x  + e) -~ q~a (Y) -}- �9 �9 �9 (6) 

w h e r e  e = cons t  and r  a r e  funct ions  as  ye t  unknown. 

Subst i tut ing Eq.  (6) into (5) and co l lec t ing  the t e r m s  having  c o m m o n  mul t ip les  of (x + e)k one can 
obtain a s y s t e m  of d i f ferent ia l  equat ions re la t ive  to the funct ions ~00(y), el(Y), r r . . . .  In tegra t ion  
of  these  equat ions y ie lds  the fol lowing equat ions  fo r  ~Pi: 

,~o (~) = - / o *  ~ + co~, q,1 (~) = C~y (7) 
C1 � 9  s CoCx a , % (y) = - -~ ]~ g - -  ~ y -~ C~y 

% (y) =/o*C~ - N  - -  (C~ +' 2C.C~) + C3y 

CoCkY ~ /v .3C8 5 C1C~ 4 
f~4 (g) = - -  - - T -  + - " ~ -  Y - -  - T  - y 

~ (y) = _ (c+ + 2c~c.) y~, ~o (v) = - ~-~ c~cay 4 
6 

As an analysis showed, beginning with (PT(Y) etc. the functions el(Y) are small values and can be 

neglected in the case under consideration~ 

The integration constants entering into (7) are determined from the boundary conditions at the surface 
of the film and outside the limits of the initial section. For example, from the condition at x = ~ one can 

find that 
C O = [6ReO'SFrs-~] ''3, Frs = ws / ( fvS) ~ 

The  values  CI, C2, and C a have a m o r e  compl i ca t ed  f o r m  and a r e  d e t e r m i n e d  f r o m  the condi t ion of 
l e a s t  deviat ion f r o m  the rea l  solut ion of Gauss  [7], a c c o r d i n g  to which the ve loc i ty  i n c r e m e n t  p = u(x, y) [ 
x = 0-u in the init ial  s ec t ion  can be d e t e r m i n e d  f r o m  the condi t ion 

0-5 R e  0'5 

f p2dy = min (8) 
0 

Sat is fy ing  the r e q u i r e m e n t  of a m i n i m u m  gives  
0.5 t~e 0"5 0.5 R e  0"5 

o 

O o 
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In a c c o r d a n c e  with (6) and the e x p r e s s i o n  f o r  u(x, y) at  the exit  f rom the d is t r ibut ing  s lot  (1) one can 

w r i t e  fo r  p 

p =  y [Co ~ c~ , c~ c~ 6(Re)_~] g~ t ~ T e~ @-E~'-- @ ['R-6e 21~r]-- (10) 

__ g~ i.l__~y_] (C~ ~ t2a ~-a 2CoC~) L, 4e ~ '1  (ClC ~ @ CoCa) @ ~ (C~ ~ @ 2ClC~) @ t--ff~-j5C"Cd ~-' g~ L~O~[ fv*C~ } fv*c~20~ ~ ~J]v*3c~] 

Substi tut ing (10) into (9) we obtain a s y s t e m  of four  non l inea r  equat ions .  If the new va r i ab Ies  

, C~ Cz C~ 
a~ = Co -r %- + ~ + "~" -- 6 (Re) -~ 

: __ [CoC~ (CI~ +2CoC~) t2 ~6 j a~ Lt2e~ + i ~  ~ (4e~) -~ (C~C2 + CoC~) + (6e~) -~ (C~ ~ -l- 2C~C~) + ~ c~c~] (11) 

]~,*C~ f~*C~ 3~*C~ 

a r e  used  one can obtain a s i m p l e r  s y s t e m  of equat ions .  

With the notat ion (11) the value p will equaI 

'p 

The  t r a n s f o r m a t i o n  (11) is poss ib le  
t ion  takes  on values  not equal to z e r o .  In 

(0 ,)  
K =  ~ 2Fr 

= aly  @ K y  2 + a4y 4 @ asy 5 (12) 

in the case  w h e r e  the  funct ional  de t e rminan t  of the t r a n s f o r m a -  
this ca se  we have 
l Oa~ Oal Oal 

0CI OCt. OC~ 
F = Oa4 Oa4 Oat 

0C1 OC2 0C3 
Oa.__._~,~ Oa5 Oa5 
OCI OC~ ac3 

t,*6c~ 0 (13) = ~ = / :  

Consequent ly ,  the t r a n s f o r m a t i o n  adopted is a d m i s s i b l e .  

With a l lowance  f o r  the notat ion (11) the Gauss  r e q u i r e m e n t  is wr i t t en  in the f o r m  of t h r e e  a lgeb ra i c  
equat ions  r e l a t i ve  to a i.  The unknown at ,  at ,  and as a r e  de t e rmined  f rom these  equat ions by the  C r a m e r  
ru le .  Then  the t r ans i t i on  is m a d e  to the values  C1, C2, and C3. 

Subst i tut ing Eq.  (7) into Eq.  (6), we obtain the law of ve loc i ty  d is t r ibut ion  in the en t r ance  sec t ion  of 
f i lm flow in the f o r m  

(14) 
L ~ J  L 

= = - E - y J  

The cons tan t  e en te r ing  into Eq.  (14) is de t e rmined  on the bas is  of Eqo (3) fo r  x = 0, i .e ,  t h rough  the 
given flow r a t e  of l iquid in the d i s t r ibu t ing  device .  

Knowing the law of ve loc i ty  d i s t r ibu t ion  o v e r  the c r o s s  sec t ion  of the flowing f i lm one can in t eg ra te  
the equat ion of continui ty of the med ium (3) in the l imi t s  of va r i a t ion  of y f rom 0 to 5* and obtain the fo l low-  
ing equat ion:  

f * f,*C~ , o (x 

1o*c,r , 0 c ,  1 r (15) 
x ~ , -  , _ _  + . ,  + (z  § s) -4 - -  . [ 2--f~o- ~o ) CoC~ c,c, (a*)~] + 

C~C~ ,6., a + (x + 8) -5 2C'C~-6+ Cr (5,) 5 __ (x § a)-6 -TY ( ) = 0.5 Re ~ 

The  a lgeb ra i c  equat ion obtained m u s t  be so lved  r e l a t ive  to the value 5" = (ws/vS)~ In connect ion  
with the fac t  that  Eqo (15) is compl i ca t ed  and its anaIyt ica l  solution has a c u m b e r s o m e  f o r m ,  it is convert-  
lent  to obtain the value of 6* by us ing a g raph ic  me thod ,  

In the g raph ic  method  of solving Eq.  (15) fo r  a spec i f ic  value of x to which  the film th ickness  is 
6" 

sought  one m u s t  c o n s t r u e t  in the s y s t e m  of coord ina tes  f udy--  g a cum~e c h a r a c t e r i z i n g  the left  s ide of 
0 

Eq.  (15) by subs t i tu t ing  the va lues  of y in p lace  of 6*. Since at  a c e r t a i n  value  y = 6* the lef t  s ide  of Eq. 
(15) is equal to the r ight  s ide ,  a point is sought  on the ordinate  axis  whose  value  c o r r e s p o n d s  to 0~176 
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F i g .  2 

The  func t i ons  go0, q~l, (P2, 

8" 

The  po in t  of i n t e r s e c t i o n  of the  c u r v e  ~ udy --  y with  a l i ne  p a r a l l e l  to 
0 

the  a b s c i s s a  and  p a s s i n g  a t  a d i s t a n c e  of 0 .5Re ~ f r o m  th i s  ax i s  g i v e s  the  
v a l u e  of 5* sough t .  

As  an e x a m p l e ,  l e t  us d e t e r m i n e  the  t h i c k n e s s  of a f i lm  f o r m e d  by a 
w a t e r  s t r e a m w i t h  a t e m p e r a t u r e  t = 80 ~ C which  f lows f r o m  a f i a t - s l o t t e d  
d i s t r i b u t i n g  dev i ce  wi th  a wid th  S = 2 �9 10 -3 m .  It is  a s s u m e d  tha t  the  Reynolds  
n u m b e r  in  th i s  c a s e  is  Re = 465. This  m e a n s  tha t  the  m e a n  v e l o c i t y  of d i s -  
c h a r g e  f r o m  the s l o t  i s  w S = 0.25 m / s e c ,  w h i l e  S* = 0 .5Re ~ ~ 10.8.  

F o r  the  g iven  c a s e  the  c o n s t a n t s  Co, CI, C2, and  C 3 e n t e r i n g  into Eq,  
(15) a r e  

Co = t4.8847, C1 = - - 0 . t 1 9 2 9 6  
C~-~0 .0777034 ,  Cs~-~0 .0612  (16) 

q~3, q~4, and  q~s and ~06 can  be  r e p r e s e n t e d  in  the  f o r m  

(Po (Y) = 0.5f ,*y  ~ -~ 14.8847y 
~1 (Y) ~ --0. i19296y (17) 
~2 (Y) ~ --0.0002]~* y5 _~ 0.147932 y4 _~ 0.0777034y 

~s (Y) -~ 0.00038/,* y5 - -  0.i226y 4 ~- 0.06i2y 

~04 (y) = --0.227507 y4 _]_ 0.0046 yS, (P5 (Y) ~- 0.000i4 y4 
~6 (Y) = 0 .00001 ya 

On the  b a s i s  of the  v a l u e s  of the  func t ions  q~i(Y) (i = 0, 1, 2, 3, 4, 5, 6) p r e s e n t e d  in E q s .  117) the  law 
of v e l o c i t y  d i s t r i b u t i o n  (6) t a k e s  the  f o r m  

a ( x ,  y) = - - 0 . 5  /v*y ~ i 4 . 8 8 4 7  y - - 0 . 1 i 9 2 9 6  (x~-  e) - l y ~ -  

-~ (x -~ e) -~ (0.0777034 y § 0A47932 y4 _ 0.0002 / , yS )  -~(x ~- e)-3(0.00038 /,*y~ - -  0.1226y 4 ~- 0.06i2y) (18) 

~- (x -~ e) -~ (0.0046y 5 - -  0.2275071 ya) § (x -~ e)-5 0.000i4 y4 ~_ (x -~ e)-e 0.00001 y4 

Hav ing  i n t e g r a t e d  Eq.  (18) wi th  r e s p e c t  to y in the  l i m i t s  f r o m  0 to 5* and  hav ing  t aken  s p e c i f i c  va lues  
of x (for e x a m p l e ,  x l ,  x2, x3, x4), one can  c o n s t r u c t  a s y s t e m  of c u r v e s  d e s c r i b i n g  the func t ion  

8" 

I u (x, y) dy. 
0 

Such c u r v e s  a r e  p r e s e n t e d  in  F i g .  2 f o r  v a l u e s  of x of 1.0, 0.5, and  0.25 (curves  1, 2, and  3, r e s p e c -  
t i v e l y ) .  Since a c c o r d i n g  to the  equa t ion  of con t inu i ty  the  c u r v e s  c o n s t r u c t e d  d e t e r m i n e  a funct ion  which  a t  
c e r t a i n  v a l u e s  of 5* (unknown in t h e  p r e s e n t  c a s e )  m u s t  equal  0~ ~176 a poin t  with the  v a l u e  0 .5Re ~ = 
10.8 i s  found on the s a m e  o r d i n a t e  ax i s  and  a c u r v e  p a r a l l e l  to  t he  a b s c i s s a  i s  d r a w n  th rough  i t .  The  po in t  
of i n t e r s e c t i o n  of th i s  l ine  wi th  the  c u r v e s  c o n s t r u c t e d  i s  a un ique  po in t  s a t i s f y i n g  the equa t ion  of con t inu i ty  
of the  m e d i u m  (15) and  i t  d e t e r m i n e s  the  f i lm t h i c k n e s s  a t  the  g iven  va lue  of x i .  F o r  i n s t a n c e ,  in the  
e x a m p l e  c o n s i d e r e d  we f ind  tha t  5* = 8 a t  x = 1, 5* = 10 at  x = 0.5, e tc .  Th i s  m e a n s  tha t  a t  the  g iven  v a l u e s  
of x the fo l lowing  r e s u l t s  a r e  ob t a ined :  

x = i ,  (~ - s /vS)  ~  
x = 0.5, (~s / vS) ~ = i0 (19) 

By s o l v i n g  equa t ions  of  t he  t ype  (19) we  can  d e t e r m i n e  the  c o n c r e t e  va lue s  (in ram) of the  f i lm  t h i c k -  
n e s s  5. F r o m  t h e s e  v a l u e s  one can t r a c e  the  v a r i a t i o n  in 5 a long  the  f lowing  l iqu id  f i l m ,  i . e ,  f ind 5 = 5(x). 

Th i s  m e t h o d  can  a l s o  be  u s e d  in  a c a s e  when one i s  c o n s i d e r i n g  flow not  on a f l a t  but  on a c u r v e d  s u r -  
f a c e ,  f o r  e x a m p l e  c y l i n d r i c a l .  In th is  c a s e  one m u s t  t a k e  into  a c c o u n t  t h o s e  changes  which  a r e  i n h e r e n t  to 
E q s .  (3) and  (14) and  to Reyno lds  n u m b e r  f o r  f i lm  flow o v e r  a c u r v e d  s u r f a c e  [1]. 
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